In this paper we present numerical solutions to coupled non-linear governing equations of thermo-viscous fluid flow in cylindrical geometry using MATHEMATICA software solver. The numerical results are presented in terms of velocity, temperature and pressure distribution for various values of the material parameters such as the thermo-mechanical stress coefficient, thermal conductivity coefficient, Reiner Rivlin cross viscosity coefficient and the Prandtl number in the form of tables and graphs. Also, the solutions to governing equations for slow steady motion of a fluid have been obtained numerically and compared with the existing analytical results and are found to be in excellent agreement. The results of the present study will hopefully enable a better understanding applications of the flow under consideration.
Introduction

Literature
The basic equations of classical hydrodynamics are non-linear in the velocities and only a few instances have been reported in literature in which exact solutions could be obtained. The same situation applies to a higher extent in the case of non-Newtonian fluids, since even the constitutive relations qualifying these fluids are non-linear. The failure of the linear theories in predicting to a reasonable extent the mechanical behaviour of materials such as liquid polymers, fluid plastic, molten metals etc., subjected to stresses has been the motivating force behind the study of the non-linear theories for material description. The non-Newtonian nature of materials has been the subject of an extensive study for over one and half centuries. It is only in the last seven or eight decades that serious attempts have been made to extend these investigation in the realm of non-linearity. With the growing importance of non-Newtonian fluids in modern technology and industries, the investigations on such fluids are desirable. The non-linear theory reflecting the interaction/interrelation between thermal and viscous effects has been preliminarily studied by Koh and Eringen [5] . A systematic rational approach for such class of fluids has been developed by Green and Nagdhi [2, 3] . Kelly [4] examined some simple shear flows of second order thermo-viscous fluids.
The problem of a steady flow of a second order thermo-viscous fluid over an infinite plate was studied by Rao and Ramacharyulu [11] . The steady flow of a thermo-viscous fluid through straight tubes was examined by Rao and Ramacharyulu [12] . In this paper, the velocity and temperature fields have been obtained by employing a four step recursive approach. A steady slow motion through a circular tube was studied by Rao and Ramacharyulu [13] . The effects of large and small values of the thermo physical parameters on the flow field have been discussed in this paper. Rao and Ramacharyulu [10] examined some steady state problems dealing with certain flows of thermo-viscous fluids. Anuradha [1] and Nagaratnam [9] studied the flow in plane, cylindrical and spherical geometries. Recently, Pothanna et al. [18] et al studied unsteady forced oscillations of a fluid bounded by a rigid bottom. Pothanna et al. [15, 16, 17] also investigated certain flows of thermo-viscous fluids in a porous slab bounded between two horizontal parallel plates and the effects of various physical parameters on the flow field have been discussed. Srinivas et al. [19] studied a slow steady motion of a thermo-viscous fluid between two parallel plates with constant pressure and temperature gradients.
Curved pipe/annular configurations are of immense practical importance in almost all piping systems, the human cardiovascular system and in several engineering devices such as heat and mass exchanges, chemical reactors, chromatography columns and other processing equipment. Owing to the wide range of applications, the interest in the study of flow characteristics in these configurations has grown enormously during the last decades. Green and Nagdhi [3] has given a new thermo-viscous theory for fluids. Green and Nagdhi [2] explained a dynamical theory of interacting continua. Longlois [6] examined a slow steady flow of viscoelastic fluids through non-linear tubes. Muthuraj and Srinivas [7] studied the flow of a Thermo-viscous fluid through an annular tube with constriction. The motion is assumed to be slow and the governing equations have been solved in terms of the modified Bessel functions. Srinivas and Muthuraj [20] also examined the flow of a thermo-viscous fluid in a radially non-symmetric constricted tube. Srinivas et al. [21] , studied peristaltic transport of a thermo-viscous fluid. Hossain et al. [8] , studied a fluctuating flow of a thermo-micropolar fluid past a vertical surface. Anuradha et al. [1] investigated the problem of a steady flow of a thermo-viscous fluid through a moving circular pipe .
It can be noted, from the past studies, that the governing equations of the fluid flow in cylindrical geometry are linear in nature and the closed form solutions are obtained using various analytical methods. However, in reality the flow and heat transfer problems are non-linear in nature. The basic governing equations of the present study are coupled and highly non linear in nature. Hence, it is important to study the solutions of non-dimensional non-linear partial differential equations which govern the momentum and energy. They are solved numerically with the help of MATHEMATICA software solvers. As far as known, this problem has not been discussed in the literature.
Basic equations
The flow of an incompressible homogeneous thermo-viscous fluid satisfies the usual conservation equations.
The equation of continuity(law of conservation of mass)
The equation of momentum(law of conservation of momentum) The flow is assumed to be under the action of constant temperature and pressure gradients. It is also assumed that the pipe is moving with a constant velocity a w and a  is the temperature prescribed on the boundary. Under these assumptions the basic equations characterizing the flow are the following:
In the radial direction 
In the transverse direction
In the axial direction (z-direction)
3) and the energy equation
The appropriate boundary conditions of the problem are 
where a w , a p and a  are respectively the constant velocity, pressure and temperature prescribed on the boundary.
Further, it is assumed that the flow is generated with the constant pressure gradient 
Using the above non-dimensional quantities, the equations of momentum in the radial and axial direction and the energy equation in non-dimensional form now reduce to:
In the radial direction
In the axial direction 
and 6 a is the non-dimensional thermo-mechanical stress viscosity coefficient and 3 b is the non-dimensional strain thermal conductivity coefficient. The boundary conditions of the problem reduce to
Numerical study of the problem
The governing coupled highly non-linear differential Eqs (2.7)-(2.9) together with the boundary conditions (2.10) for the velocity, temperature and pressure distributions are solved by using the R-K method of 6 th order with shooting methods with the help of MATHEMATICA software ND solver. The boundary conditions for both the velocity and temperature as r   are considered as finite values. For computation purpose, the coordinate r (radial distance) is considered as varied from 1 to 2 where the value r 2  represents infinity. The convergence of the method is guaranteed by the satisfaction of the boundary conditions. The influence of various physical parameters such as the thermo-mechanical stress interaction coefficient ( ) 4. Special case for slow steady motion of the fluid
Governing equations
The motion is assumed to be slow such that the non-linear terms in the equation of momentum and energy could be neglected. The equation of momentum and energy now reduce to the following:
The equation of momentum in the axial direction 
Equations (4.1) and (4.2) are coupled in terms of the velocity ( ) W R and the temperature ( ) T R . In these two equations 1 C and 2 C represent constant pressure and temperature gradients, respectively. 6 a is the thermo-mechanical stress viscosity coefficient and 3 b is the strain thermal conductivity coefficient. The appropriate boundary conditions for the velocity and temperature are
Analytical and numerical solutions
According to Anuradha [1] et al. analytical solutions to the coupled linear Eqs (4.1) and (4.2) together with the boundary conditions (4.3) yield the velocity distribution
and the temperature field 
In order to get the analytical results of Eqs (4.4) and (4.5) for the velocity ( ) W R and the temperature ( ) T R for various values of physical parameters, the code of the algorithm has been executed in MATLAB running on a PC. The results are presented in Tabs 4-5.
In the present study, the numerical solutions of Eqs (4.1) and (4.2) with respect to the boundary conditions (4.3) are obtained numerically using the MATHEMATICA software package. An excellent convergence was achieved for all the results for slow steady motion of the fluid when compared to the analytical results. The numerical and analytical results for the velocity and temperature distributions are presented in Tabs 4-5. For computation purpose, the boundary conditions as r   for the finite value are replaced by the value 5, the coordinate r (radial distance) is considered as ranging from 1 to 2 where the value r 2  represents infinity. The numerical results obtained are compared with the analytical results of Anuradha [1] et.al and are found to be good in agreement. The analytical results obtained substantiate the validity and accuracy of the present numerical results. 
Results analysis and discussion
The results are illustrated graphically in Figs 2-14. To get the physical insight into the problem the velocity, temperature field, pressure distribution have been discussed by assigning numerical values to various material parameters such as the thermo-mechanical interaction coefficient ( ) 
Temperature distribution
It is observed that the material parameter thermo-mechanical stress interaction coefficient ( ) Fig.9 . It is noticed that the temperature distribution decreases with the increasing values of thermo-mechanical stress interaction coefficient ( ) 6 a . This is due to the greater conversion of thermal energy to kinetic energy. The reverse effect is observed in the variation of temperature distribution for different values of the strain thermal conductivity coefficient ( ) 3 b . From Fig.9 , it is observed that the rate of increase of temperature distribution is very slow and all the temperature profiles coincide far away from the tube boundary. 
Pressure distribution
The pressure distribution throughout the boundary is in the direction normal to the cylindrical surface and which is influenced by the Reiner Rivlin cross viscosity coefficient ( ) whereas Fig.11 shows that the flow suddenly takes a reverse direction to the positive side and increases with the increase of the cross viscosity coefficient ( ) c  . This is due to the effect of the thermo-mechanical stress interaction coefficient of thermo viscous fluid flows. It is interesting to note that there is a marked departure between the flows of thermo-viscous fluids when compared to that of Newtonian fluids. The dimensionless parameter Prandtl number is the ratio between the kinematic viscosity and the thermal diffusivity, the effect of this on the pressure distribution is shown in Figs 12-13 . Figure 12 presents that the pressure distribution increases with the increase of the Prandtl number ( ) r p and suddenly takes in to the positive direction. This is also due to the influence of the thermo-mechanical stress interaction coefficient ( ) 6 a . The physical influence of this in heat transfer problems is the Prandtl number controls the thickness of the velocity and thermal boundary layers. 
